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Abstract.

Recently, some studies have been made on accurate mathematical representation of
numerical data by polynomial curve. Some formulae have been derived, for
representation of numerical data by polynomial curve, from some of the existing
formulae for numerical interpolation. Moreover, some methods have been composed of
for the same purpose. This paper describes an overview of the developments of these
methods/formulae for representing numerical data on a pair of variables by a polynomial

curve.
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1. Introduction:

The problems of interpolation, extrapolation, forecasting/projection etc. are solved, in many
situations, by fitting a mathematical curve to the available numerical data on variable(s) under
study. The fitting of a mathematical curve to numerical data is nothing but an approximate
representation of the data by the curve in the sense of minimization of error. Recently, some
studies have been made on accurate mathematical representation of numerical data by
polynomial curve. Some formulae have been derived, for representation of numerical data by
polynomial curve, from some of the existing formulae for numerical interpolation. Moreover,

some methods have been composed of for the same purpose.

Interpolation, which is the process of computing intermediate values of a function from the set

of given values of the function [Erdos & Turan (1938) ; Hummel (1947) et al], plays significant
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role in numerical research almost in all branches of science, humanities, commerce and in
technical branches. A number of interpolation formulas namely Newton’s Forward Interpolation
formula, Newton’s Backward Interpolation formula, Lagrange’s Interpolation formula, Newton’s
Divided Difference Interpolation formula, Newton’s Central Difference Interpolation formula,
Stirlings formula, Bessel's formula and some others are available in the literature of numerical
analysis [Neale & Sommerville (1924) ; Jan (1930) ; Hummel (1947) ; Jordan (1965) ;
Abramowitz (1972) ; Bathe & Wilson (1976) ; Conte & Boor (1980) ; Kendall (1989) ;
Vertesi (1990) ; Kincard & Ward (1991) ; Gerald & Wheatley (1994) ; Scarborough (1996) ;
Robert & Sandra (2000) ; Chapra & Canale (2002) ; Endre & David (2003) ; John (2004) et al)].

In case of the interpolation by the existing formulae, the value of the dependent variable
corresponding to each value of the independent variable is to be computed afresh from the used
formula putting the value of the independent variable in it. That is if it is wanted to interpolate
the values of the dependent variable corresponding to a number of values of the independent
variable by a suitable existing interpolation formula, it is required to apply the formula for each
value separately and thus the numerical computation of the value of the dependent variable based
on the given data are to be performed in each of the cases. In order to get rid of these repeated
numerical computations from the given data, one can think of an approach which consists of the
representation of the given numerical data by a suitable polynomial and then to compute the
value of the dependent variable from the polynomial corresponding to any given value of the
independent variable. However, there is necessary of method/formula for representing a given set
of numerical data on a pair of variables by a suitable polynomial. Recently, some studies have
been made on accurate mathematical representation of numerical data by polynomial curve [Das
& Chakrabarty (2016a , 2016b , 2016¢ , 2016d , 2016e , 2016f ) , Chakrabarty (2016a , 2016b ,
2016c¢)]. Some formulae have been derived, for representation of numerical data by polynomial
curve, from some of the existing formulae for numerical interpolation. Moreover, some methods
have been composed of for the same purpose independently. For this purpose Chakrabarty has
searched for one method/formula for representing a given set of numerical data on a pair of
variables by a suitable polynomial. Chakrabarty has derived another formula for the same
purpose. Das & Chakrabarty have derived four formulae for the same purpose [Das &
Chakrabarty (2016a , 2016b , 2016¢ , 2016d , 2016e , 2016f )]. They have derived the first
formula [Das & Chakrabarty (2016a)] from formula from Lagrange’s Interpolation formula
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[Echols (1893) ; Corliss (1938) ; Hummel (1947) ; Traub (1964) ; Jardan (1965) ; Quadling
(1966) ; Mills (1977) ; Kendall (1989) ; Kincard & Ward (1991) ; Revers & Michael (2000) ;
Endre & David (2003) ; Jan (2004) ; Nasrin (2010) et al]. The second formula [Das &
Chakrabarty (2016b)] has been derived from Newton’s Divided Difference Interpolation
Formula [Herbert (1962) ; Whittaker & Robinson (1967a , 1967b) ; De Boor (2003) et al]. The
third one (Das & Chakrabarty , 2016c¢) has been derived from Newton’s Forward Interpolation
formula [Erdos & Turan (1938) ; Whittaker & Robinson (1967a) ; Nasrin (2010) et al] and the
fourth one (Das & Chakrabarty (2016d) has been derived from Newton’s Backwards
Interpolation formula [Erdos & Turan (1938) ; Hummel (1947) ; Jardan (1965) ; Whittaker &
Robinson (1967a) ; Kendall (1989) ; Kincard & Ward (1991) ; Endre & David (2003) ; Jan
(2004) et al]. Later on one method has been constructed by Chakrabarty (2016a , 2016b , 2016c)
for representing a given set of numerical data on a pair of variables by a suitable polynomial. The
method based on two numerical operations namely finite difference operation and ratio operation
[Gertrude(1954) ; Herbert (1962) ; Jordan (1965) ; Dokken & Lyche (1979) ; Fred (1979) ;
Jeffreys & Jeffreys (1988) ; Lee (1989) ; Chwaiger (1994) ; De Boor (2003) ; Endre & David
(2003) ; Floater (2003) et al]. In another study, two methods have been composed by Das &
Chakrabarty (2016e , 2016f ) for the same purpose. The two methods are based on the inversion
of a square matrix. The first one is based on matrix inversion from Cayley-Hamilton theorem
[Cayley (1858, 1889) ; Hamilton (1853, 1862 , 1864a , 1864b) et al] while the second one is on
matrix inversion by elementary transformation of matrix [Cayley (1858 , 1889 et al) ; Hamilton
(1889) et al]. This paper describes an overview of the developments of these methods/formulae
for representing numerical data on a pair of variables by a polynomial curve with numerical

examples in order to show the application of the methods/formulae developed.

2. Method/Formula for Representation of Numerical Data by Polynomial Curve:
Let us consider a function
y = f(x)
and let

YVo=f(x0)  Vi=f(x1), Y2 =F(x2), eeeeriiiiiiiiiiiinin.. , Vo= f(x,)

be the values of y = f(x) corresponding to the values
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Xo, X1, (X2, o , Xp,
of x.
Then,
(%0, 0), (X1, 571) (X2, ¥2) e (X0, V)

be the set of (n + 1) pairs of values of x and y.

2. 1. Formula Obtained from Newton’s Forward Interpolation Formula:
Let the values of the independent variable x be at equal interval h i.e.
Xiq1 — X; = h foralli.

Further let

Then Newton’s forward interpolation formula is

f(X)= f(xo) +UAF(xo) + U2 A%f(xg) + 20D A3 (xp) +

.......................................... 4 MDD @t ) pnpey 0 (2,10)

[Erdos & Turan (1938) ; Whittaker & Robinson (1967a) ; Nasrin (2010) et al].
This formula can be expressed as

fX)=Co+Ci(x—x) +Co(x —x)(x —x) + Ca(x —x)(x —x) (x —X3) F oovinviiiiiinnne.

+Ch(x—x)x—x1) (x —x2) (0 —x3) evvvee e (X — X_1) (2.1.2)
where Ci:%, =0,1,2,3, e, ,(h=1),n

Now, equation (2.1.2), can be expressed as
f(X) = Ao+ AX + Ap X+ Ag X+ oo + Ap X" (2.1.3)

where

AO = Co_ C]_XO + C2 XoX1 — C3 XogX1X2 + C4 XgX1X2X3 —
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....... (—1)n Cn (x0x1x2x3 cereeeeens Xy 2 + X0X1X2X3 wevveneennnns Xp _1) y

A2: Cz — C3 (Zizzoxi) + C4 (Ziz=02j3=1 XiX]') T et ee eas e e e tes see s sees

n
(—1) Cn (x0x1x2x3 ............. Xy —3 + X0X1X2X3 eeviiinnannn Xp—2 +
X0X1X2X3 wee e e enns Xp-1) »

— 3 n

A3— C3 — C4 (Zi:() Xi) F o + (—1) Cn (x0x1x2x3 B ) +
XOX1X2X3 eeevenenevene Xn3 T XX X2X3 veveeeen e Xn-2 t X0X1X2X3 cevneeennnnn. Xpn-1),

— i n—i

Ai— Ci —Ci+1 (ZjZOXj) F ot (—1) Cn (xOxleX3 ............. Xn—i+1
AT o XoX1X2X3 weviinvinnnn Xn—1 y

Equation (2.1.3), with the coefficients

Ao, At A2, Asy e , An,
as defined above, is one formula for representing a given set of numerical data on a pair of
variables by a suitable polynomial .
Note: The formula is applicable for representing a given set of numerical data on a pair of
variables by a suitable polynomial when the given values of the independent variable are at equal

interval.

An Example of Application of the Formula

Example (2.1.1): The following table shows the data on total population of India corresponding
to the years:

Year 1971 1981 1991 2001 2011

Total Population 548159652 | 683329097 | 846302688 | 1027015247 | 1210193422

Taking 1971 as origin and changing scale by 1/10, one can obtain the following table for
independent variable x (representing time) and f(x) (representing total population of India):

Copy right @ESES IJEAR

129



International Journal of Electronics and Applied Research (IJEAR), Vol.3 Issue 2, December, 2016

Published online (http://eses.co.in/onlingjur.html) ISSN 2395 0064
Year 1971 1981 1991 2001 2011
Xi 0 1 2 3 4

f(x;) | 548159652 | 683329097 | 846302688 | 1027015247 | 1210193422

Here,
% =0,x=1,x=2,x3=3,x=4,
f(xo) = 548159652,
f(x;) = 683329097,
f(x,) = 846302688,
f(x3) = 1027015247

& f(x,) = 1210193422

Finite Forward Difference Table

X f(x) A f(x) A? (X) A® f(x) A* ()

0 548159652

135169445

1 683329097 27804146
162973591 —10065178

2 846302688 17738968 — 5208174
180712559 —15273352

3 1027015247 2465616
183178175

4 1210193422

Now, Co = f(x,) = 548159652

_ A f(xo) _ 135169445
h

Ci = 135169445
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C,= Azf(xg) _ 27804146 _ 27804146 _ 13902073
2'h 2.11 2
Cs :A3f(x§) _ 10065178 _ —10065178 _ _1677529.66
3'h 3.2.1.1 6
CA*f(xg) _ —5208174 _ — 5208174 _
Co==ns T amzii 0 za o 200725
Accordingly,

Ao = 548159652 , A; = 119214356.18 , A,=16547582.23 ,
Az = —375486.16 & A, =—217007.25

Thus, the polynomial that can represent the given numerical data is

f(x) = 548159652 + 119214356.18 x + 16547582.23 x* — 375486.16 x° —217007.25 x*
This polynomial yields,
f(0) = 548159652 ,
f(1) = 683329097 ,
f(2) = 846302688 ,
f(3) = 1027015247
& f(4) =1210193422

which are identical with the corresponding observed values.

2. 2. Formula Obtained from Newton’s Backward Interpolation Formula:

Newton’s backward interpolation formula is a

+1 +1)(v+2 +1)(v+2 +3
()= f0) +VWF G + 02 V2f(a,_p) + ZE2 Vi () + I

VA F(ya) F oo, DO D e PID g () (2.2.1)
where v =2
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[Erdos & Turan (1938) ; Hummel (1947) ; Jardan (1965) ; Whittaker & Robinson (1967a) ;
Kendall (1989) ; Kincard & Ward (1991) ; Endre & David (2003) ; Jan (2004) et al].

This formula can be expressed as
f (X) = Cn + Cn -1 (X - xn) + Cn—2 (X - xn)(x - xn—l) + Cn—3 (X - xn)(x - xn—l)(x - xn—Z)
+Cha(x—x)(x —x5_1)(x — 2% 2) (X —Xp-3) F e +

Colx —x,))(x —xp_1)(x — x52) (X — Xp—3) e e v (X — x1) (2.2.2)

where C, = f(x,)

VF(xn—
C., = ﬂil)

_ Vi (xn_2)
Cnz = 21h2 -

Now, equation (2.2.2), can be expressed as
f(X) = Ao+ AX + Ao X+ Ag X3+ oo + Aq X" (2.2.3)

where
Ao =Cn— Cna Xy + Crnz X201 = Cng X2 —1%n + Cnoa X 3%0 22 1% —
n

v T (1) Co (X —1Xn—2X0—3 v e eenee X1)
A1=Cha —Co2 (Ziyo1 %) +Cas (T2 T, XiX) —

-2 -1 2 i

Cn-4 (Uith—3 Xjmn—2 Xk=n—1 XiXjXk) F oevernn. — Co(Tiz1 Xj=2 Xk=1XiXjXk)
A)=Cro—Crs(Xh x) +C Z_n—l n X: X ) e
2 n-2 n-3 i=n—2 4i n-4 i=n—-3 ]=n—2 1%

3 yv2 vl
+ Co (Xizz Xios Y=z Xi1 XX Xpc X))
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A3 = Cn73 - Cn74 (Z?:n_g Xl) + eee see et see ses see see cee ses see see see ses ......+

4 3
Co (Xi=3 Zj 4 D=3 D2 X1 Xi X X)X Xy )

An=C,

Equation (2.2.3), with the coefficients

Ao, At A, Agy e , An,
as defined above, is another formula for representing a given set of numerical data on a pair of
variables by a suitable polynomial .
Note: The formula is applicable for representing a given set of numerical data on a pair of
variables by a suitable polynomial when the given values of the independent variable are at equal

interval.

An Example of Application of the Formula
Example (2.2.1): Let us represent the data, given in the Example (2.1.1), by a polynomial curve
applying the formula just derived.

Finite Backward Difference Table

X f(x) VF(x) V2 f(x) v f(x) v* £(x)
0 548159652
135169445
1 683329097 27804146
162973591 — 10065178
2 846302688 17738968 — 5208174
180712559 ~15273352
3 | 1027015247 2465616
183178175
4 | 1210193422
Here,
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C,=1210193422 , C3=183178175 , C, =1232808 ,
C1=—-2545558.66 & Co =—217007.25

Consequently,
Ao =548159651.84 , A; =119214356.34 , A, =16547582.19 ,

Az =—375486.16 & A, =-217007.25

Thus the polynomial is

f(x) = 548159651.84 + 119214356.34 x + 16547582.19 x* —375486.16 x> —217007.25 x* It This
This yields,
f(0) = 548159652 ,
f(1) = 683329097 ,
f(2) = 846302688 ,
f(3) = 1027015247
& f(4) =1210193422

which are identical with the corresponding observed values.

2. 3. Formula Obtained from Newton’s Divided Difference Interpolation Formula:

Newton’s divided difference formula is described by

f(x) = f(xo) + (x — x0)f (20, %1 ) + (x —xp)(x — x1) F(x0, 21, x5) +

(x—x0)(x —x7) (x —x3) Fxg, 21, X0, X3) + .eil +(x—x)(x—x7) (x—2x3) ...
(= x;_1) Flxg,xq, %2, X3.000X21) F oo+ (X — x0)(x — x7) (x — x3)
............... (c— xp-1) Txg, 1, X2, X3 ..nn0 ) (2.3.1)

where divided difference is defined by

_fCxr, x93 e ) = (X0, X1, X0 v Xy 1)
fxg, %1, %3 . xy) =

Xn — Xp

Copy right @ESES IJEAR

134



International Journal of Electronics and Applied Research (IJEAR), Vol.3 Issue 2, December, 2016
Published online (http://eses.co.in/onlingjur.html) ISSN 2395 0064

[Herbert (1962) ; Whittaker & Robinson (1967a, 1967b) ; De Boor (2003) et al].

Now, divided difference interpolation formula, described by equation (2.1), can be expressed as
f(x) = Co+ Ci(x — x0) + Cofx®— (TLoX) X + xo%; }+ Ca{X* — (TZox;) x° +
(T Zj2=1 XiXj ) X —xox1%2 } + Ca { X' = (Ziox) 2+ (22, Zj3=1 XiX; ) X"~
(Zi1=0 21-2:1 ¥, X X)Xk )X + XX X2X3 FF e + Co{X"— (Ztx) X"t
+ (B 25w )X = (B B RS xixad) X+
(B T T Sl xixxexy ) X'+ + (1) (xpx1xpX3 ..o Xy—1)}  (2.3.2)

where
Ci:f(xO,xl,xZ,X3.....xi) y i:1,2,3, ...................... ,(n—l),n

Now, equation (2.3.2), can be expressed as

f(X) = Ao+ AX + Ap X2+ As X+ oo, +Ap X" (2.3.3)
where
Ag=Co— Cixg + Coxpx; — Caxpxixy + ChuxpX1XX3 — covriieie e ee e e e,
+ Chn (1) (xox1X2X3 wovvenenn e Xp_1)

A1=Ci—-Co(Xlox) + Ca(Th, ij=1 xiXj ) — C4 cL, ijzl ¥, XiXjXg) F e,
....... + (—1)n Cn (xoxleX3 U Ae, X X0X1X2X3 veeveneennnns Xpnq )

A2 =Co—Ca(ZA0x) + Ca (o B Xi%j ) = covveeee v e e

(1)" Ch (xpX1X2X5 weveevee s X3 F XQX1 X2 X3 v, Xp_pt
XgX1X2X3 eevveinenannn xn_l)
A3=C3—Cs (T2 0X) + ovrennnn. + (<1)" Cp (XX 1 X2X3 v Xp_st
X0X1X2X3 e nen Xn3 F XgX1X2X3 coenne ... Xn2 t XgX1X2X3 ceenne... Xp—1)
Ai=Ci = Cis1(ZiooXi) + covriroveeeeeees + (<1)" 71 Cir (g1 %223 X,
B e e +XOX1X2X3 ............. xn_l)
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A,=C,

Equation (2.3.3), with the coefficients

Ao, AL, Az, Agy e , An
as defined above, is another formula for representing a given set of numerical data on a pair of
variables by a suitable polynomial .
Note: For the applicability of the formula for representing a set of numerical data on a pair of
variables by a suitable polynomial it is not necessary that the values of the independent variable

should be at equal interval.

An Example of Application of the Formula

Example (2.3.1): Let us represent the data, given in the Example (2.1.1), by a polynomial curve
applying the formula just derived.

Divided Difference Table

X f(x) f(xo, x1) f(xo, x1, x2) f(xo, %1, x2,%3 ) f(xo, x1, X2, X3, X4)

0 548159652

135169445
1 683329097 13902073
162973591 —1677529.66
2 846302688 8869484 — 217007.25
180712559 —2545558.66
3 1027015247 1232808
183178175

4 1210193422

Here,

Co =548159652 , C;=135169445 , C, =13902073 ,

Cs= —1677529.66 & C,= — 217007.25
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Accordingly,
Ao = 548159652 , A; =119214356.18 , A,=16547582.23 ,
Az = — 375486.16 & A,=-—217007.25

Thus, the polynomial that can represent the given numerical data is
f(x) = 548159652 + 119214356.18 x + 16547582.23 x* —375486.16 x> —217007.25 x*
This polynomial yields,

f(0) = 548159652 ,

f(1) = 683329097 ,

f(2) = 846302688 ,

f(3) = 1027015247

& f(4) = 1210193422

which are also identical with the corresponding observed values.

2. 4. Formula Obtained from Lagrange’s Interpolation Formula:

Lagrange’s interpolation formula is described by

f(X) - (x—x1)(x=x2)(x—=%3) ceerrrrrnen (X =% 1) (x—=x0)(x=x2)(x—=%3) eererrrerrnn (x—xy)
(o=x1)(0=XD) e to=x1) 70 " (r1=x0)(r1—x2) (r1—X3) 1 —2n) 71
(x—=x0)(x=x1)(x—=%3) eerrrrrerrn (x—xy) n
Goa—x0) (xg—x1) (Xa—23) o Goa—x1) L,
(x—x0)(r—2x1)(X—=%2) crrrererrenne (x—xp-1)
Gon—0) in—x 1) (in—52) G —t-1) " (2.4.1)

[Echols (1893) ; Corliss (1938) ; Hummel (1947) ; Traub (1964) ; Jardan (1965) ; Quadling
(1966) ; Mills (1977) ; Kendall (1989) ; Kincard & Ward (1991) ; Revers & Michael (2000) ;
Endre & David (2003) ; Jan (2004) ; Nasrin (2010) et al].

Now, Lagranges interpolation formula, described by equation (2.1), can be expressed as

f(x) = [lizo,iz0 X—%i) f(xg) + Eli=0,i¢1 (x—%i) fxy) +

i—0iz0  (x0=Xi) i=0iz1  (X17Xi)
[ 0izn—1 =)
Foee T : f(x
nin:_ol,i;tn—l (n =i ) ( n)
— f(xr)
=Yr=0{ o }Hirzo,i;tr x—x) (2.4.2)

i—0izr  (X07Xi)
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The expression (2.4.2) can be written as

fx) = Co{Ilito x—xi) }+Ca{llicp x—x;)} +
10 =1

Co{lIllLo x=x)}+ covvveee + G{I X=%X) FF e
i #2

+Cn { _H?zo (x—xi)} (2.4.3)
I #n

f(x1)
o &5—x;)

j#F0,j#1i

where C; =

This can further be expressed as
f(x) = (TG ) x* + TG S(MIx" + {3, G Si(Dyx"2 +

{Z?:O Cl 81(3)} Xn_3 T e T {ZP:O Cl Sl (I‘)} x"T
where  Sr= Xilx; v Se(p) = 2ilo Ximo XiX;
iI=r I#rj#r,i#]
SI‘1I‘2 e Tp = ?1=0 Z?Zzo ..Z?pzo Xilxiz 'Xip
It # I, iy F I e i, # 1p
11¢12¢ ————¢1p

This is the formula for representation of numerical data by a polynomial curve obtained from

Lagrange’s interpolation formula.

An Example of Application of the Formula
Example (2.4.1): Let us represent the data, given in the Example (2.1.1), by a polynomial curve

applying the formula just derived.

Here,

Co =22839985.5 , C;=—113888182.83 , C, = 211575672 ,
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Cz = — 171169207.83 & C,= 50424725.91

Co +C1+ C,+C3+ Cy
= —217007.25
Also,
Colxg +x5+x3 +x4) + Cp(xg +x2 +x3 +x4) + Co(xg +x1 +x3 + x4) + C3 (g +x1 + x5 + x3)
+ Cyq (0 +x1 + 22 + x3)
= 375486.2
Again ,
Co (o1 x3 1 x3+x1 X4+ x5 x3 +x3 X4+Fx3%4) + Cq (g x5 + X9 x3 + X9 x4 + X5 X3 +25 x4+
x3x5) +Co(xgxy + xgx3 +x0x4 + X1 x37+x7 X4+ x3%04 )+ C3(xgx1 + X902+ x9 x4+
X1 X X1 X4t X2%4) + Calxgxy + xgx2+ Xox3 + X1 X2 + X1 X3 + x5 X3)
= 16547582.3 ,
Co (1 %2 X3+ x1 %3 X4 + % X3 x4 + X1 X3 X4) + C1 (0 X2 X3+ X0 22 24 + X0 X3 X47F X5 X3 X4 )
+Co(xgx; x3+x0x3 x4 + X921 x4 + 31 %3 %4) +C3 (9% X3 + 2022 X4 + X% X4 + X1 X3 X4 )
Ca (g x1 x5 + x0 X1 X3+ X0 X3 X3 + X1 X3 X3)
= —119214356
& Co(xgxy x3 x4 ) + Cq (xg x5 x3 x4) + Co (g %1 x3 x4) + C3 (0 %1 %2 x4) + Cyq (0 %1 X3 x3)
= 548159652
Therefore, the polynomial that can represent the given numerical data is
f(x) = — 217007. 25 x* — 375486.2 x* + 16547582.3 x* + 119214356 X + 548159652
This polynomial yields,
f(0) = 548159652 , f(1) =683329097 , f(2) = 846302688 ,
f(3) =1027015246.1 & f(4) =1210193432

which are also identical with the corresponding observed values.
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2. 5. Method Based on Difference and Ratio Operators:

The calculus of finite difference [Gertrude(1954) ; Herbert (1962) ; Jordan (1965) ; Dokken &
Lyche (1979) ; Fred (1979) ; Jeffreys & Jeffreys (1988) ; Lee (1989) ; Chwaiger (1994) ; De
Boor (2003) ; Endre & David (2003) ; Floater (2003) et al] has been applied in developing this
method.

The (n + 1) pairs of values namely

(x0,Y0), (x,¥1), (2,92 ) s e, (K1, Y1) (V)

are nothing but (n + 1) points in X-Y plane

The objective is to represent these n points by a polynomial of the form
y=f(X) = ap+ a; X+a; X +azX® oo, + a,X , a,#0 (2.1)

where
Ag, A1,A2, 03, cevveviannnnn.. , @, are parameters.

In this study, two operators namely difference operator (denoted by A) and radio operator
(denoted by R[. : .] have been used in the derivation of the method aimed at.

The operator A has been defined with respect to the suffix variable as

Ax;p = X1 — X & Ay = Vg1 — Vi (25.1)
while the operator R[ . : .] has been defined as
R[f() 1 h()] = % (25.2)

i.e. R[f(.): g(.)] denotes the ratio of g(.) & f(.).
y=f)=ay + a; X+a; X+ oo, +a, X" , a,#0 (2.5.3)

Since the (n + 1) points pass through the curve

therefore,
yi=ay tax; + azxiz + a3xi3 t o + a,x" (2.5.4)
(i=0,1,2,3, cooeernnnn. . n).
This yield
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Ay, =ay Ax; +ay Axiz + az Axi3 Fo + a, Ax;"
e yv(D)=a+ayx” W) +azx (D) + oo, + a, x;" (1) (2.5.5)
where

yi(1) = R[Ay; : Ax;],
xiz (1) = R[Axiz . Axi] y

xl’3 (1) = R[Axig . Axi] y

(i=0,1,2,3, oo ,n—1)
This yield,
Ay;(1) = ay Ax;”(1) + ag Ax (1) + oo, + a, Ax;"(1)
ie. (2 = apt azx; )t e, + a,x," (2) (2.5.6)
where
¥:(2) = RlAy:(1) : Ax*(1)],
x3(2) = R[Ax (1) : Ax2(1)],
x"(2) = R[Ax," (1) : Ax;*(1)]
(i=0,1,2,3, oo ,Nn-2)
This yield
Ay(2) = az Ax2 Q)+ oo + a, Ax;"(2)
ie. Y3 a3t e + a, x"(3) (2.5.7)
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where

%:(3) = R[AY(2): Ax*(2)],

x* (3) =R[Ax*(2) : Ax*(2)],

At the k™ step, one can obtain that

Ayi(k-1) = a; AxX(k-1) + apoq Ax M K-1) + oo + a, Ax;"(k - 1)
e, v,(K) = ap + appqg AR+, + a, Ax;"(K) (2.5.8)
where

yi(K) = RAy(k-1): Ax (k- 1),

xR = RAXTHK- 1) AxMKk-1)],

(i=0,1,2,3, ceerrnnn.n ,n-k).
Continuing the process, one can arrive at the (n—1)" step that

Ayi(n-2)= a, 1 Ax" 1 (n-2) + a, Ax,"(n - 2)

ie. yy(n-1) = a, 4 + a,x,"(n-1) (2.5.9)
where
yi(n-1) = RAY(n-2): Ax""'(n-2)]
(i=0,1).
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At the n" step, one obtain that
Ayo(n-1) = a, Axy"(n - 1)
i.e. a, = yo(n) where yo(n)= R[Ay,(n-1): Ax,"(n-1)] (2.5.10)

Substituting the value of a, in any of the two equations given by (2.37) and then solving it one

can obtain the value of a, _;.

Next, substituting the values ofa, &a,_4in any of the three equations,
containing a,, , a, -1 & a,_,, obtained in the just earlier steps one can obtain the value of a,, _,.
Similarly in the next step, substituting the values ofa,, a,_;1 & a,_, in any of the four
equations, containing a,,, a,, 1 , a, - » & a, _3 obtained in the just earlier steps one can obtain
the value of a,, _ 5.

Continuing the process one can obtain the values of the parameters in the order

An, Ay 1 ,Au_2 3y Ap_3 5 ceeiiiiiinnininnn ,ay , Ay, Qo .

An Example of Application of the Method
Example (2.5.1): Let us represent the data, given in the Example (2.1.1), by a polynomial curve

applying the formula just derived.

It is wanted to represent these data by a polynomial curve of degree four defined by equation
(2.22).

In this case,
N=4, x;=0, x=1, x;=2 ,x3=3, x4 =4 ,
yo = f(xg) =548159652 , v, = f(xy) = 683329097 ,
f(x5) = 846302688, f(x3) = 1027015247 & f(xs) = 1210193422 .

Applying the necessary steps in the proper order it is found that
e = —217007. 25,
d = — 375486.2,

c =16547582.37,
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b = 119214356
& a = 548159652 .

Hence, the equation of the polynomial curve of degree four that can represent the given

numerical data is

y = f(x) =—217007. 25 x* — 375486.2 x* + 16547582.3 x 2 + 119214356 x + 548159652

The values of the function y = f(x) corresponding to the obse4rved values of x yielded by this
polynomial curve are as follows:
f(0) = 548159652 ,
f(1) = 683329097,
f(2) = 846302687.6 ,
f(3) = 1027015246.1
& f(4) = 1210193432 .

These values are found to be identical with the corresponding observed values.

2. 6. Method Based on Matrix Inversion by Cayley-Hamilton Theorem:

Since the (n + 1) points

(x0,¥0), (1, ¥1) (X2, ¥2) 5 ove v ivee e, Ozt Y1) s (X W)
lie on the polynomial curve described by
y=f(X) = ap+ a; X+a; X +azX® . +a, X" , a,#0 (2.6.1)
therefore,
yi = f(6) = ag+ arXi+ax X’ +azx° +......... + ay " (2.6.2)

In order to obtain the polynomial we are to solve this n equations for the n unknown coefficients
8.0 y a]_, B 2 f

Now solving these equations for the coefficients, the polynomial can be obtained.
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In order to solve the equations it is to be noted that the equations in (2.1) can be expressed as

AX=B (2.6.3)
where
1 x, x5 xpt z: Yo
1 x x2 . xP1 Y1
1 1 1 (e
1 x, xi. LxiTt .
¥n
an—l
which gives
X=A7B (2.6.5)

Thus in order to find out X, it is required to find out 4™ .
Now, |A,—AlL,| isthe characteristic polynomial and

|A,—AL,| =0 (2.6.6)
is the characteristic equation of the matrix A.

Let the characteristic equation of A be

AT e AT AT AT +¢c, =0 (2.6.7)
By Caley-Hamilton theorem,
A" o A" e, AP e AT +e, I = (2.6.8)

[Cayley (1858 , 1889) ; Hamilton (1853, 1862 , 1864a , 1864b) et al].
Therefore,
Al = LA 4 o AP T, AP g AT A (2.6.9)

Thus in order to find out A™* it is required to find out the characteristic polynomial and the
characteristic equation of A.

By algebraic expansion, the characteristic polynomial of the matrix
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@11 @3 g3 Ogg e v v Gy
flyy gg Qag Gog e cee verveen o gy
() gy L 1
An - 31 32 33 32 In
Ryq po g @pa v cve ven e vee e B0y

can be obtained as
A-M| == (D" A"+ D" (T DA (DM RS TR 1 —

a4 1 4 j
XY= L x XTI 24 (-1 XYY ke x)xgxd - X1 11 (X} 1Zﬁ=1xk11xi 1
i#k

S Mo Y M T GO T {E RS i Txadad -
#j#k

TERG o1 12y (I Ehaem 53 2T + ZE N B o % X 3+
P L (I Y N e 6 M Ax ) + ZE BT e K xS T+
-nn-?3 HXXXX2 kim=11 X x5 X34 —
LY Nij<r=11.%1 X5 (X Xlemekmt Xk X X5 ) +
Zzzzzz;t];tk;el;em 1x1 139k—11xllc—11xln—111x 13+
S a1 X (LT S estoma1 5 XA )+

Y T kstiemet X kL T T (2.6.10)

An Example of Application of the Formula:

The following table shows the data on total population of India corresponding to the years:

Year 1971 1981 1991 2001

Total 548159652 | 683329097 | 846302688 | 1027015247
Population

Taking 1971 as origin and changing scale by 1/10, one can obtain the following table for
independent variable x (representing time) and f(x) (representing total population of India):
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Year 1971 1981 1991 2001
Xi 0 1 2 3

f(x;) | 548159652 | 683329097 | 846302688 | 1027015247

Here,
%X3=0,2,=1,%,=2,x,=3,
f(x,) = 548159652 , f(x,) = 683329097,

f(xx,) = 846302688 & f(x3) = 1027015247,

Thus,

[l e o
W e o
= SO
()
Noro
[N
;.F'

|A— h1|: W_33MN +94N —TAN+12

.. The characteristic equation is

A —33A +04M —T4AN+12=0

By Caley Hamilton theorem, we have
A —33A3+04A _TAA+121=0

=121=—A*+33A3-04A’+ 74 A
_1 4 3 2
= 1 =[-A'+33A-04A+T4A]
1
:>A‘1:E[—A3+33A2—94A+74I] (2.6.5)

Now, A?=AA

[ R
o e e
Wy = o
R = S
(%)
Horo
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A= A%A
1 0 0 0 1000
4 6 14 36 1111
15 34 90 250 1248
40 102 282 804 13 9 27

1 0 0 1]

60 142 386 1090

389 964 Zed44 T504
1228 3078 B466 24066

.. Equation (2.6.5) implies that

a_ 1 3 2
A= 12[—A +33A°-94A+741]

1 0 0 o0
-11 -3 1
= 3 2 I
= 1 R S
2 2
I S
& 2 2 1
Accordingly,
X=A"'B
whence
1 0 0 0
a, e R 548159652
a; | _ o 23 683329097
a, | - 1 - 2 - 846302688
Qs -1 1 -1 1 1027015247
& 2 2 &
348159652
117912312.66
18934662
—1677529.67

. @y = 548159652, a, = 117912312.66, a, = 18934662 & a;= —1677529.67

. the Polynomial equations are
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y=f(x) = 548159652 + 117912312.66 X + 18934662 x> —1677529.67 X°
This polynomial yields,
f(0) = 548159652 ,
f(1) = 683329097 ,
f(2) = 846302688
& f(3) = 1027015247 .

These are identical with the corresponding observed values.

2. 7. Method Based on Matrix Inversion by Elementary Transformation:

Now solving these equations for the parameters, the polynomial can be obtained.
In order to solve the equations it is to be noted that the equations in (2.1) can be expressed as
AC=1B (2.7.1)

where
a
/1 xo  x¢ x{)‘_l\ / a(1) \ /J’O\
1 2 n—1 Y1
| X1 X X1 | a |
kl X,  XxZ ....x,’{‘1/ _ .
a, In
which gives
C=A"1B (2.7.3)

In order to find out C, it is required to find out A1,

To find out A~! one can apply Gauss Jordan method which is based on elementary row
transformation of matrix [Cayley (1858 , 1889 et al) ; Hamilton (1889) et al].

Elementary Transformations (Operations) are the following operations on matrix:

(i) Interchange of two rows & two columns
The interchange of i & ™ rows is denoted by R;;

The interchange of i & j™ column is denoted by C;;
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(if) Multiplication of (each element of) a row or column by a non zero number k.

The multiplication of ith row by k is denoted by kR;

The multiplication of jth column by k is denoted by kC;
(i11) Addition of k times the elements of a row(or column) to the corresponding elements of
another row (or column) , k #0

The addition of k times the j" row to the i row is denoted by R; + kR

The addition of k times the j" row to the i" row is denoted by C; + kC;
If a matrix B is obtained from a matrix A by one or more E operation then B is said to be
equivalent to A and is denoted by A ~ B.
The matrix obtained from the identity matrix I of order n by applying it to any one of the E-
operations (elementary operations) is called an elementary matrix.
Gauss Jordan method of finding of A™' can be summarized as follows:
The elementary row (not column) operations which reduce a square matrix A to the unit matrix,

give the inverse matrix A~

Working rule:
To find the inverse of A by E-row operations, we write A and | side by side and the same

operations are performed on both. As soon as A is reduced to I, 1 will reduce to A~!

An Example of Application of the method:

The following table shows the data on total population of India corresponding to the years:

Year 1971 1981 1991 2001
Total 548159652 | 683329097 | 846302688 | 1027015247
Population

Taking 1971 as origin and changing scale by 1/10, one can obtain the following table for

independent variable x (representing time) and f(x) (representing total population of India):

Year 1971 1981 1991 2001
Xi 0 1 2 3
f(xi) | 548159652 | 683329097 | 846302688 | 1027015247
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Here, szo,xlzl,xzzz,X3:3,
f(x,) = 548159652, f(x;) = 683329097, f(x,)= 846302688, f(xs;) = 1027015247.
Ao 1000 Yo
| a1 | 1111 Y1
Thus, C= ay A= 1248 , B Vs
as 1 3 9 27 V3
Now, A=1A
1000 1000
1111 )_[o0o100 |,
12 4 8 0010
1 3 9 27 0001
1000 100 O
0111 \|\_[-1100 ~
=l 12248 || 0010[N WR2R-R
1 3 9 27 0001
1000 100 0
0111 |\_[-1100 ~
=l 0248 |7 1010]|™ B R2R-Ry
1 3 9 27 00O01
1000 100 O
0111 )|_[-1100 ~
=l 0248 || 2010]/N RR-R
0 3 9 27 -1 001
1000 100 O
0111 | _([-1100 1
:(0124>—<_%0%0A, byR3—>ER3
0 3 9 27 100 1
1000 100 O
0111 _ -11 00
:>< 00 1 3 > —< %_1 % 0 A, by R3—)R3—R2
0 3 9 27 100 1
100 O
SN EREEE 1
- 1 1 1
= 00 13 = 5_150 A, by R4—>3R4
01309 _l g0 1
3 3
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1 0 0 O
_uog 31
6 2 3
= 1= 1 _E 2 _l A, by RZ—)RZ—Rg
2 2
\ 1y 11
6 2 6
1 0 0 O
15 301
o 6 - 2 31
= ATl 122 L
\ 2 2
AN U
6 2 2 6
Therefore,
X = A"'B
1 0 0 O
/ T S l\ 548159652
_ ° L ? —31i 683329097
1 — 2 — 846302688
-1 1 -1 _1/ 1027015247
6 2 2 6
548159652
_ [ 117912312.66
18934662
—1677529.67
Qo 548159652
i o ar | _ [ 117912312.66
s a; 18934662
as —1677529.67
Thus,

ag = 548159652 , a; = 117912312.66, a, = 18934662, az= —1677529.67
Accordingly, the polynomial representing the given numerical data is
y = 548159652 + 117912312.66 x + 18934662 x% — 1677529.67x3
This polynomial yields the values of the function as follows:
f(0) = 548159652 ,

f(1) = 683329097
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f(2) = 846302688
& f(3) = 1027015247 .

These are identical with the corresponding observed values.

2.8. Conclusion:

The methods/formulae developed in the studies discussed here can be suitably used to
represent a given set of numerical data on a pair of variables by a polynomial. The degree of the
polynomial is one less than the number of pairs of observations.

The polynomial that represents the given set of numerical data can be used for interpolation at
any position of the independent variable lying within its two extreme values.

The methods/formulae discussed here can be suitably applied in inverse interpolation also.
These can be further applied in extrapolation with reasonable accuracy at a point with in a small

interval outside of the range of the given values of the independent variable.

It has already been mentioned that in case of the interpolation by the existing formulae, if it is
wanted to interpolate the values of the dependent variable corresponding to a number of values
of the independent variable by a suitable existing interpolation formula then it is required to
apply the formula for each value separately and thus the numerical computation of the value of
the dependent variable based on the given data are to be performed in each of the cases. The
methods/formulae developed in these studies have rescued from these repeated numerical

computations from the given data.
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