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Abstract

Observations or data, collected from an experiment which is free from all sorts of assignable
errors suffer from chance error (which is unavoidable or uncontrollable). Consequently the
findings obtained by analyzing the observations which are free from the assignable errors are also
subject to errors due to the presence of chance error in the observations. Determination of
constant(s) associated to mathematical model(s), in different situations, based on the observations
is also subject to error due to the same reason. This paper is based on the mathematical model(s)
that have been identified for describing the association of chance error(s) in determining
constant(s) in some distinct situations where observations/data are of measurement type. Also,
chance error has been analyzed in the simplest situation as identified.

Key Words: Observation of measurement type; chance error; mathematical model; constant

determination.

1. Introduction

Observations or data, collected from experiment or survey, normally suffer from various types of
errors. Error occurs due to many causes. These causes can be broadly divided into two types namely
1. Assignable cause that is avoidable / controllable
& 2. Chance cause that is unavoidable / uncontrollable.
Even if all the assignable causes of error are controlled or eliminated, observations still do not
become free from error. Each of them still suffers from some error which occurs due to some
unknown and unintentional cause that is nothing but the chance cause. Findings obtained by
analyzing the observations or data which are free from the assignable errors are also subject to errors

due to the presence of chance error in the observations. Determination of constant(s), in different
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situations, based on such observations is aso subject to error due to the same reason. This leads to
the necessity of searching for the association/connection of chance error with observation/data. In the
current study, attempt has been made on this aspect of chance error. Mathematical models have been
identified for describing the association of chance error in determining constant(s) in some distinct
situations where observations/data are of measurement type. Method of determination of constant
has been searched for by analyzing chance error in the situation where observations/data consist of
itself and chance error.

2. Gaussian Discovery

In the year 1809, German mathematician Carl Friedrich Gauss discovered the most significant
probability distribution in the theory of statistics popularly known as normal distribution, the credit
for which discovery is also given by some authors to a French mathematician Abraham De Moivre
who published a paper in 1738 that showed the normal distribution as an approximation to the
binomial distribution discovered by James Bernoulli in 1713 [De Moivre, 1711 ; Bernoulli, 1713 ;
De Moivre, 1718 ; Waker and Lev, 1965 ; Kendall and Stuart, 1977 & 1979 ; Stigler, 1982 ; Walker,
1985 ; Brye, 1995 ; Hazewinkel, 2001 ; Marsagilia, 2004 ; Chakrabarty, 2005 & 2008 ]. The normal
probability distribution plays the key role in the theory of statistics as well as in the application of
statistics. There are innumerable situations where one can think of applying the theory of normal
probability distribution to handle the situations.
The probability density function of normal probability distribution discovered by Gauss is
described by the probability density function
f(x:u,0) = {o(2m)"} " exp[ - %{(x-wl}?, D
—0 <X< oo, —o <u< o, 0<g< w0,
where (i) X isthe associated normal variable,
(i1) 4 & o are the two parameters of the distribution
and (iii) Mean of X = & Standard Deviation of X =go.
Note: If u=0 & o=1,

the density is standardized and X then becomes a standard normal variable.
2.1. Area Property of Gaussian Distribution

If X ~ N(u, o), then
()P(u-190 <X < u-1.964) =0.95, )
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(i) P(u—2580 <X < u—2580) =0.99 (3)
& (iii)P(u—30c <X < u—30) =0.9973. 4
If Xisastandard normal variable then
(i) P(- 1.96 < X <1.96) =0.95, (5)
(i) P(- 258 < X <258) =0.99 (6)
& (iii) P(- 3< X<3) =0.9973. (7

3. Errorsin Experimental Observations

Situations associated to different experiments are different. There are innumerable experiments
which can be placed in one of the following situations:

Situation — 1

In some situations, observation consists of true value of a constant p whose value is unknown and to
be determined on the basis of observed data.

Let X, Xo, cvvennnn... , Xn be n random observations on | obtained from an experiment which is
free from all sorts of assignable errors. Here, the observations are on 1. Therefore, they should be
equal and this common value is nothing but the true value of . Since they are different, there exists
some cause behind the observations being different. This cause is nothing but the chance cause of
error due to which the observations have been compelled to be different. Thus in this situation, each
observation X; is composed of true value of L and an error ¢; .

Thus the observations, in such types of practical situations, satisfy the model
Xi=T(W) +& , i=1,2,........... ,N)
where (i) X; isthei™ observation on i,
(i) T(n) isthe true value of p
& (iii) & isthe error associated to X; .
It is to be noted that the true part of an observation is nothing but the true value of the constant
and the observations are collected for determining its true value.
Situation — 2
In some situation, random observations on apair (X, Y) of two variables X and Y namely
(X1, YD), (X2, Y2) 5 e , (Xn, Yn)
are collected to determine the value of an constant |1 which connects the two variables X and Y by the
theoretical relationship
fX)=pf(Y) i.e p=f(X)/uf(Y)

for some function f(.).
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In this situation, each observation on each of the two variables is influenced by the chance error due
to the similar cause mentioned in Situation — 1.
Thus the observations, in such types of practical situations, satisfy the model
Xi=Ti + ¢
&Yi=T+¢

where (i) T; isthetrue part of X;,
(ii) & isthe error associated to X;,
(i) T/ isthe true part of Y;
& (iv) & isthe error associated to ; .
Consequently, for the constant p the model becomes
f(T) =pf(T') ie p=fT)/f(T)
whichmeans f(Xi —&) = puf(Y, —&') ie p=f(X —g)/f¥ —&')

Thus, the true value of p = f(T;) /f(T/) = f(X — &) /f(Y/ —&').
But, the values of 1 one obtains from the observationsare f(X; ) 7f(Y;) i=1,2, ........... , N), which

are subject to errors.

Situation — 3
In Situation — 2, it may be so that the constant 1 connects the two variables X and Y by the theoretical
relationship

fX) = oY)
for some functions f(.) and g(.).

In such types of practical situations, the model will be

f(T) =po(T) ie p=Ff(T) goT/)
whichmeans f(Xi —&)=pgYi —&') ie p=fX —&)/alYy —-&')

Thusin this situation,
the true value of i = f(T;) 7g(T/) = (X — &) 7g(Y/ —&').
But, the values of 1 one obtains from the observationsare f(X;) 7g(Y;) (i=1,2, ........... , N), which

are subject to errors.

Situation — 4
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In Situation — 2, it may be so that the variable Y theoretically depends linearly upon the variable X

i.e
Y=a+pX
where a & f are two constants.
In such types of practical situations,
T =a+BTi ie Y-&' =a+B-g) , (=1,2,. ..., ,n).

Situation — 5
In Situation — 2, it may be so that the variable Y theoretically depends quadratically upon the variable
Xi.e
Y=o+ BX+yX?
where a, f & y are three constants.
In such types of practical situations,
T =a+BTi+yT? e Yi—-a'za+pX —-a)+rX -&)® , (=1,2,. ... ,n).

Situation — 6 (Generalized Situation of Situation - 4 & Situation — 5)
The variable Y theoretically depends upon the variable X by the polynomial of degree p of the form

Y=ag+ay X+aX?+ ..., +a,XP
whereag, a1, a2, «............ , 8 are constants.
In such types of practical situations, the model will be
T =ap+aTi +aTi?+............ +a,T;P
ie Yi—g' mag+an(X —&) *an(X — &)t rreennn, +a, (X — &)
i=1,2,........... ,N)

Note (Some Mor e Situations)
Mathematica models have been identified for describing the association of chance error in
determining constants in some more distinct situations. Those, along with the above, have been
summarized below (Table—1I).
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Association of Chance Error with the Constant(s) in Different Situations

Seria Theoretical relationship Constant(s) Relationship among constants,
No observations and errors

1 f(X) = f(Y) u fX —&a)=ufY —a')

2. f(X) = pg(Y) u fX —e)=po(Y —&')

3. Y=o+BX o,p Y —&'=a+ B0 —é&)

4. Y=o+pX+px? a,B,y Y —&a'=a+ .06 —e) +0.0% — &)
5. Y=ag+a X+ apX’+ Q,a1,8,.....8 | Yi—& =ap+an(X —a)+an(X —

............. +a,XP &)+ ... ta, (X —&)P°

6. f(X,Y) = u N fYi—&', X —&) =

7. Y=lexp (- vX) A,y Yi—&' = Lexp{ -v (X — &)}
8. Y=lexp (-vX-Y A,V Yi-&' = dexpf -v (X —&) -1
9. Y= p+iexp (- wX) w, A,v Yi—g' = p+iexp{ -v % — &)}
10. Y= p+lexp(-vX-h) n, A,v Yi—&' = p+rexp{ -v (X —g) 1
1. | Y={a+pep (X))} - o By Yi—a'=[a+pexp(y(Xi—e)] -
12. Y= p+ix-1t T Yi—& = p+i(X —g) -t

13. | Y=F(X: 1, Ho, ...... J) | M1, Mo, e Mk | Yi—a = fKi—& M1, Hay ... , W)
14. h(X,Y) =u M h(X —&, Yi—&') =p

15. | Y=0exp{g(X): Hi,H2, |6, H1,Hayseeo.. M| Yi—&'=0exp{g(% —& @ M1, 2,

......... , )} e, MO}

Inthetable, Xand Y are two variables where Y theoretically depends upon X and

(Xl ) Yl) ’ (X2 ’ YZ) )

are random observations on the pair (X, Y).

4. Analysis of errors(Situation — 1)

oy (X0, Yn)

Let us consider Situation — 1 where observations consist of the true value of a constant © whose

value is unknown and is to be determined.

In thissituation If X; , Xz, ...... , Xn are n random observations on |, we have
Xi=T(W+e , (i=1,2,...... , N) (8)
where (i) X; isthei™ observation on ,
(i) T(u) isthe true vaue of p
& (iii) ¢ isthe chance error associated to X; .
Copyright © 2014, ESES IJEAR




Hereer, &0, ....... , én are values of the chance error variable ¢ associated to X; , X5, ...... , Xn
respectively.
It isto be noted that

(D X1, X2, ...... , Xn are known,

(2) T(W) ,e1,é62,...... , &n @e unknown

& (3) the number of linear equationsin (8) is n with (n + 1) unknowns implying that the equations
are not solvable mathematically.
Reasonabl e facts /Assumptions regarding ; :

(D) e1,62, ceninnnnn. , &n are unknown values of the variables ¢.
(2) Thevaluesey, ez, ............ , &n arevery small relative to the respective values
X]_ y X2 9 tecessesaaan 5 Xn

(3) Thevariable & can assume both positive and negative values.
(4 P(~a—-da< e < -a) = P(a< ¢ < a+da)foreveryred a.
(5) P(a< e <a+da) > P(b< & < b+db)
& P(~a-da< e < -a) <P(-b-dbh< e < -b)
for every real positivea< b.
(6) Thefacts (3), (4) & (5) together imply that ¢ obeys the normal probability law.
(7) Sum of al possible values of each ¢ is 0 (zero) which together with the fact (6)
impliesthat E(¢) = 0.
(8) Standard deviation of ¢ is unknown and small, say o..
(9) Thefacts(6), (7) & (8) together imply that € obeys the normal probability law
with mean (expectation) O & standard deviation o,. Thus
¢ ~ NO,a) ©)

4.1. Confidence Interval of Error ‘¢’
Since ¢ ~ N(0, o) , the area property of Gaussian distribution given by the equation.5,is

P(-1.966, < ¢ <-190,) =0.95 (10)
i.e. theinterval

(-1.90, , 1.90,) (11)
is the 95% confidence interva of e.
This means that out of 100 random observations on ¢ (unknown), maximum 5 observations fall
outside thisinterval.
Again by the area property of Gaussian distribution given by the equations (6) and (7),
P(-2580.,< ¢ < -2580.) =0.99 (12)
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& P(-30,< ¢ < 30,) =0.9973 (13)
respectively which implies that the intervals

(-2580, , 2580,) (14)

& (-30. , 30:) (15)

arerespectively the 99% & 99.73% confidenceintervalsof .
These respectively mean that out of 100 random observations on ¢ (unknown), maximum 1
observation falls outside the interval (- 2.58 6, , 2.58 ¢, ) and out of 10000 random observations on

¢ (unknown), maximum 27 observations fall outsidetheinterval (— 30, , 30;).

4.2. Confidence I nterval of the Parameter ‘u’
Also under the assumption numbered (9),

X—un ~ N(O, g,).
Thisimpliesthat X ~ N(u, o).

Thus by the same area property of Gaussian distribution mentioned above,

P(X-1960, < u < X-1960,) =0.95, (16)

P(X-2580, < u < X—2580,) =0.99 (17)

& P(X-30, < u < X-30,) =0.9973 (18)
Thesesimply the intervals

(X-1960, , X-19a,), (19)

(X-2580, , X-2580,) (20)

& X=30. , X-30,) (22)

are respectively the 95% , 99% and 99.73% confidence intervals of the parameter .
These respectively mean that
(1) out of 100 random intervals corresponding to 100 random observations (or 100 random
samples), the value of x will fal outside a maximum 5 such intervals defined by the
equation (19) ,
(i) out of 100 random intervals corresponding to 100 random observations (or 100 random
samples), the value of x will fall outside a maximum 1 such interval defined by the equation
(20)
& (iii) out of 10000 random intervals corresponding to 10000 random observations (or 10000
random samples), the value of x will fall outside a maximum 27 such intervals defined by
equation (21).
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4.3. Confidence Interval of the Observation Variable ‘X ’

Again under the assumption numbered (9),

X-H ~ N, a,).
Thisimpliesthat X ~ N(U, o).
Thus by the same area property of Gaussian distribution mentioned above,

P(u-1960, < X < p-1.960,) =0.95, (22)
P(L-2580, < X < u—2580,) =0.99 (23)
& P(u-30, < X < g—30,) =0.9973 (24)
Thesesimply the intervals
(M -190, , U -190), (25)
(L-2580, , W-2580) (26)
& (M=30; , H-30,) (27)

are respectively the 95% , 99% and 99.73% confidence intervals of the variable X.

These respectively mean that

(1) out of 100 random observations, maximum 5 observations fall outside the interval given by
the equation (25),

(i)  out of 100 random observations, maximum 1 observation falls outside the interval given by
equation (26)

& (iii) out of 10000 random observations, maximum 27 observations fall outside the interval given

by equation (27)

4.4. Least Squares Estimator (LSE) of the Parameter
The LSE p is obtained by minimizing

n
Ta? = T (Y — py
i=1

with respect to .
The said estimator is thus

A n

H = (Un) XY, (28)

i=1

4.5. Maximum Likelihood Estimator (MLE) of the Parameter p

The likelihood function of the observations
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Y]_,YZ, ......... y Yn
isgiven by
n
L(Y1.Y2, .o, Yot 0) = T{o(2m) "} " ep[- %{(x-w6}?
i=1
which gives
n
logel(Y1,Yz, ..., Yoip,0) = Z{om)3 " ep[- Y{(x-wld}?
i=1

Maximizing this with respect to 1 its MLE is found to be

A n
H=(Un)2Y, (29)
i=1
4.6. Error in Estimator of p
Since Yi = U+ ¢
therefore, A n n
H=@nN) XY =u+ @n Xg
i=1 i=1

This means, the estimator (both LSE and MLE) of p suffers from an error

n
(Un) X ¢ (30)
i=1
which may not be O (zero).
4.7. Estimator of Error ‘¢’
Since Y, = U+ ¢
A n
& p=(Un 2

=1
therefore, the estimator (both LSE and MLE) of error ¢ associated to the observation Y; is
A A n

& =Yi—H=Y—-(Un 2V (31)
i=1
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The annual maximum temperature at a location satisfies the Situation — 1 if the change in that is free

from assignable cause(s). Assuming that the change in temperature at Guwahati is free from

assignable cause, the observations on the annual maximum temperature at Guwahati has been

analyzed in order to obtain various estimates possible. Vaues of annual maximum Temperature at
Guwahati observed during the period from 1969 to 2010 have been presented in Table — II. Various
estimates, obtained, have been presented in Table - 111, Table— IV and Table-V.

Table— 11
Observed values of Annual Maximum Temperature at Guwahati (in Degree Celsius)
Y ear Observed | Year Observed Y ear Observed Year Observed
value value value value
1969 37.1 1979 38.6 1989 36.7 2002 35.7
1970 36.6 1980 35.1 1990 36.0 2003 374
1971 36.0 1981 35.8 1991 37.4 2004 38.0
1972 35.7 1982 36.5 1992 394 2005 36.6
1973 39.0 1983 36.7 1993 36.4 2006 38.0
1974 36.1 1984 37.2 1994 37.3 2007 37.3
1975 39.2 1985 36.5 1995 36.3 2008 37.3
1976 39.0 1986 384 1996 37.2 2009 38.0
1977 35.3 1987 37.2 2000 37.5 2010 37.2
1978 36.8 1988 36.3 2001 36.7 2011 -
Table— 11
Estimated Vaue of Annual Maximum Temperature at Guwahati (in Degree Celsius)
Serial No. Estimator Estimate
1 Mean 37.0641
2 Standard Deviation 1.0569
3 95 9% Confidence Interval (34.99245 |, 39.13575)
4 99 % Confidence Interval (34.33713 , 39.79107)
5 99.73 % Confidence Interval (Natura Interval) (33.89321 , 40.23499)
6 Number of Observations falling out side of the 0
Corresponding Natural Intervals
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Estimate of Chance Error (in Degree Celsius)

Seria No. Parameter related to Chance Error Estimate

1 Mean —-0.03241

2 Standard Deviation 1.0569

3 95 % Confidence Interval (—207165 , 2.07165)

4 99 % Confidence Interval (—272697 , 2.72697)

5 99.73 % Confidence Interval (Natural Interval) (31709 , 3.1709)

6 Number of Observations falling out side of the 0

Corresponding Natural Intervals
Table-V
Estimate of Chance Error associated to Observation (in Degree Celsius)
Y ear Annua Maximum Estimate of Y ear Annua Maximum Estimate of
Temperature Error Temperature Error
1969 37.1 0.0359 1989 36.7 - 0.3641
1970 36.6 —0.4641 1990 36.0 -1.0641
1971 36.0 —1.0641 1991 374 0.3359
1972 35.7 —1.3641 1992 39.4 2.3359
1973 39.0 1.9359 1993 36.4 - 0.6641
1974 36.1 - 0.9641 1994 37.3 0.2359
1975 39.2 2.1359 1995 36.3 - 0.7641
1976 39.0 1.9359 1996 37.2 0.1359
1977 35.3 -1.7641 2000 375 0.4359
1978 36.8 - 0.2641 2001 36.7 - 0.3641
1979 38.6 1.5359 2002 35.7 -1.3641
1980 35.1 -1.9641 2003 374 0.3359
1981 35.8 -1.2641 2004 38.0 0.9359
1982 36.5 - 0.5641 2005 36.6 - 0.4641
1983 36.7 -0.3641 2006 38.0 0.9359
1984 37.2 0.1359 2007 37.3 0.2359
1985 36.5 - 0.5641 2008 37.3 0.2359
1986 38.4 1.3359 2009 38.0 0.9359
1987 37.2 0.1359 2010 37.2 0.1359
1988 36.3 -0.7641
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6. Conclusion

1 In this study, analysis of error has been developed for the situation-1 only. Analysis of error
isrequired to be attempted for each of the other situations, where associations of errors have
been identified, discussed in this paper.

2. The situation discussed here corresponds to theoretically known rel ationships between two
variables. Thereis necessity for studying the associations of errorsin the situations where
more than two variables are related by known theoretical relationships.

3. There is also necessity for studying the associations of errorsin the situations where two and

/or more variables are related by unknown theoretical relationships.
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