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Abstract

An attempt has been made in this paper to modify theoretical model in order to obtain one which
is to be satisfied by the corresponding observed data containing error. The attempt has been
made in the case of some commonly used theoretical models. Formula for error associated to the
estimate of parameter has been derived since the estimate of parameter based on the observed
data suffers from error. Also, one numerical application of the error in estimate has been shown
in the case of a simple model.
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1. Introduction

Observed data collected from experiments or survey normally suffer from various errors. Error occurs
due to cause/causes which is/are assignable (or intentional). Assignable cause/causes of error are
controllable. Even if all the assignable causes of error are controlled or eliminated, the observed data
still do not become free from error; they still suffer from some error which occurs due to some
unknown and unintentional (chance) cause which is unavoidable, uncontrollable (Chakrabarty, 2014).
If the variable(s) under study follow some rule/law that can be described by some theoretical model,
the observed data on the variable(s) may not satisfy the same model due to the association of errors
with the observed data on the variable(s). Consequently, findings obtained by analyzing the
observations using this theoretical model also suffer from error. This leads to think of searching for
the appropriate model to be satisfied by the observed data containing error corresponding to the
theoretical model obeyed by the variable(s) under study. In this study, an attempt has been made to
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search for the appropriate model (models), corresponding to some important and widely used
theoretical model(s) (Chakrabarty, 2014), that are satisfied by the observed data containing error. An
attempt has also been made to search for the formula for error involved in the estimate(s) of
parameter(s) in such situation. Also, one numerical application of the error in estimate has been
shown in the case of a simple model {Chakrabarty (2014 , 2015)}.

2. Some Commonly Used Theoretical Models

Model-1
In some situations, observation consists of a parameter and chance error.
If X1, Xo ceieninnnnn. , Xn are n observations containing a parameter p and chance error ¢ , then the
observations satisfy the model
Xizu+eg , (i=1,2,............ ,n) (2.1)
Had there been no chance error, X; would have been equal to p.
Thus T(X;), the errorless part of X; (in other words the true part of X;) is nothing but p i.e.
H=TX) , (=1,2,. ... ,N) (2.2)

Thus the neither the observed values nor the mean of them can be the true value of the parameter .

Model-2
Two variables X and Y are connected by the theoretical relationship
f(X) = . f(Y) (2.3)
where (i) f(.) is some function
and (ii) p is the parameter.
Let
Yi,Y2, coeiinnns , Yn
be the observations on Y corresponding to the observations
) ST OO , Xn

on X respectively.
In this case, each observation is influenced by chance error.
Thus the observations satisfy the model
Xi = T(X) + &(X)) (2.4)
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& Yi=T(Yi) +&(Yi) (2.5)
where (i) T(X;) is the errorless/true part of X;,
(ii) e(X;) is the error associated to X;,
(11i) T(Y;) is the errorless/true part of Y;
& (iv) &(Y;) is the error associated to Y; .
The theoretical relationship between X and Y is satisfied by the true part of observation (X, Y;) but

not by the observation (X; , Y;) itself.

Thus, {TX} = p . {T(Yi)}
which means,
fYi—e(Y} =p. H{{Xi—e(X)} | (2.6)
i=1,2,........... ,n)

This is the model satisfied by the observations containing errors if the associated variables obey the
theoretical model described by equation (2.3).

Moreover,
H= T} KTV} = X —e(Xi) }/ H{Yi—e(Yi)} 2.7)
Thus, the ratios
T/ H{TYDY, (i=1,2,........... ,N)
or is equivalently the ratios
fXi—e(X) F/H{Yi—e(Y)} , (i=1,2,........... ,N)

are equal and their common value is nothing but the true value of the parameter .
However, the values of these ratios are unknown.
On the other hand, neither the observed ratios
fOG) 1Y) , (i=1,2,........... ,N)
nor the mean of these observed ratios, whose values are known, can be the true value of the parameter

W

Model-3
The two variables X and Y are connected by the theoretical relationship
fX)=n.a(Y) (2.8)
where (i) f(.) & g(.) are some functions
and (ii) p is the parameter.
In this case, H{TOG) =1 . ofT(Y)}
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which means,
f{{Xi—e(Xi) } = n gfYi—e(Y)} . (2.9)
i=1,2,........... ,Nn)

This is the model satisfied by the observations containing errors if the associated variables obey the
theoretical model described by equation (2.8).

Moreover,
u=H{TX)} o{T(Y)} = H{Xi—&(Xi) } / g{Yi— (Y} (2.10)
Thus, the ratios
TN T}, ((=1,2, e, ,n)
or is equivalently the ratios
{Xi—eXi) Hog{Yi—e(Y)} , (i=1,2,.cccnne ,n)

are equal and their common value is nothing but the true value of the parameter p.
However, the values of these ratios are unknown.
On the other hand, neither the observed ratios
fX)/gYs) , (i=1,2,........... ,N)
nor the mean of these observed ratios, whose values are known, can be the true value of the parameter

W

Model-4
The variable X is proportional to the variable Y i.e. X and Y are connected by the theoretical
relationship
X =Y (2.11)

where [ is the parameter (the constant of proportionality).
In this case, T(X) = p.T(Y;)
which means,

Ki—e(X} =pfYi—e(Y)} (2.12)

(i=1,2,........... ,N)

This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.11).

Moreover,

H=T0OG) T TY:) =G —e(Xi)F {Yi—e(Yi)} (2.13)
Thus, the ratios
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TG)/TY) , (i=1,2,.ccn.n. ,N)
or is equivalently the ratios
Ki—eX) I {Yi—e(Y)} , (i=1,2,........... ,N)
are equal and this common value is nothing but the true value of the parameter p.
However, the values of these ratios are unknown.
On the other hand, neither the observed ratios
XilYi , (i=1,2,........... ,N)
nor the mean of these observed ratios, whose values are known can be the true value of the parameter

W

Model-5

The variable X is inversely proportional to the variable Y i.e. X and Y are connected by the theoretical

relationship
X=p.Y For XY=y (2.14)

where [ is the parameter (the constant of proportionality).

In this case, TX) = i dTYDI ™ or T(X) .T(Yi)=p

which means,

Xi—e(X)}=pLYi—e(YD} ™ or Xi—e(X)ILYi—e(Y)}=n , (2.15)

(i=1,2,. ... ,N)

This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.14).

Moreover,
H=TXi) .T(Yi) = {Xi — e(X)FALYi — (Y} (2.16)
Thus, the products
TG .T(Y:) , (i=1,2,........... ,N)
or is equivalently the products
Ki—e(X)F{Yi—e(Y))} , (i=1,2,........... ,N)

are equal and this common value is nothing but the true value of the parameter .
However, the values of these products are unknown.
On the other hand, neither the observed products

Xii, (i=1,2,........... ,N)
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nor the mean of these observed products, whose values are known can be the true value of the

parameter .

Model-6
The variable X is proportional to the square of the variable Y i.e. X and Y are connected by the

theoretical relationship

X=p.Y? (2.17)
where [ is the parameter (the constant of proportionality).
In this case, T(X) = pdT(Y)Y
which means,
{Xi— e} = wYi—e(V}* (2.18)
i=1,2,........... ,N)

This is the model satisfied by the observations containing errors if the associated variables obey the
theoretical model described by equation (2.17).
Moreover,
=T ATV} = D6 — 003 —e(Yi)} (2.19)
Thus, the ratios
TN /{TYDY , (=1,2, . ,Nn)
or is equivalently the ratios
i —eDHLYi—e(YD}? , (i=1,2,.......... ,n)
are equal and this common value is nothing but the true value of the parameter p.
However, the values of these products are unknown.
On the other hand, neither the observed ratios
XilYi? , (i=1,2,........ ,n)
nor the mean of these observed products, whose values are known can be the true value of the

parameter L.

Model-7
The variable X is inversely proportional to the square of the variable Y i.e. X and Y are connected by
the theoretical relationship

X=pY ™% or XY2=p (2.20)

where W is the parameter (the constant of proportionality).
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In this case, TXG) = T} 2 or T(X) {TY)¥ =
which means,
{6 — a0} = wLYi—e(Vi)} = or PXi—e(X)}{Yi—e(V)}=p (2.21)
(i=1,2,........... , )

This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.20).

Moreover,
W= TG {T)F = X — e(X)3LYi— (V) (2.22)
Thus, the products
TG ATONDY  (=1,2, e n)
or is equivalently the products
Ki—eX)I{Yi—e(Y)Y¥ , (i=1,2, . cccn.., ,n)

are equal and this common value is nothing but the true value of the parameter p.
However, the values of these products are unknown.
On the other hand, neither the observed products
XiYi2 , (i=1,2, ..., ,n)
nor the mean of these observed products, whose values are known can be the true value of the

parameter L.

Model-8
The variable Y theoretically depends linearly upon the variable X i.e. X and Y are connected by the
theoretical relationship
Y=a+pX (2.23)
where a & f are parameters.
In this case, T(X;) and T(Y;) satisfy the theoretical relationship and thus
TYi) =a+p.T(X)

which implies Yi =a+ X +{e(Yi) —pe(X)}
Thus the observed values satisfy the model
Yi =a+pXi +§ (224)
where & = &(Yi) —p e(X)) , (2.25)
i=1,2,........... ,N)
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Here &, being a linear function of chance error variables, is also a chance error variable.
This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.23).

Model-9
The variable Y theoretically depends linearly upon the variable X i.e. X and Y are connected by the
theoretical relationship
Y=o+BX+ypX? (2.26)
where a, f & y are parameters.
In this case, T(X;) and T(Y;) satisfy the theoretical relationship and thus
T(Y) = o+ ATG) + p{TX)}
which implies
Yi =a+ B + X+ {e(Yi) — B (i) — 29X .o(%) — 1.6(X)’}

Thus the observed values satisfy the model

Yi =a+ X +9XE + & (2.27)
where & = &(Yi) — B e(X) — 22X .e(Xi) — r.e(X)? | (2.28)
i=1,2,........... ,N)

Here & being a linear function of chance error variables is also a chance error variable.
This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.26).

Model-10
The variable Y theoretically depends exponentially upon the variable X i.e. X and Y are connected by
the theoretical relationship
Y =1 exp (—vX) (2.29)

where 1 and v are parameters.
In this case, T(X;) and T(Y;) satisfy the theoretical relationship and thus

T(Yi) =2 exp{—v.T(Xi)}
which implies

Yi =&(Yi) + 4 exp{—v.e(X)} . exp{— vXi}

Thus the observed values satisfy the model

Yi =e&(Yi) + &i. exp{—vXi} (2.30)
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where & = Aexp{—v.e(X)} , (2.31)
i=1,2,........... ,Nn)

Here &; being a exponential function of chance error variables is also a chance error variable.
This is the model satisfied by the observations containing errors if the associated variables obey the
theoretical model described by equation (2.29).

Model-11
The variable Y theoretically depends negatively exponentially upon the variable X
i.e. Xand Y are connected by the theoretical relationship
Y=lexp(—vXh (2.32)
where A and v are parameters.
In this case, T(X;) and T(Y;) satisfy the theoretical relationship and thus

T(Yi) = A exp [ vAT(X)} ']
which implies

Yi=e(Yi) + Aexp [—v{Xi—e(X)} Y (2.33)

This is the model satisfied by the observations containing errors if the associated variables obey the
theoretical model described by equation (2.32).

Model-12
The variable Y theoretically depends upon the variable X by modified exponentially law
i.e. Xand Y are connected by the theoretical relationship
Y= p+lexp (—vX) (2.34)
where i, 2 and v are parameters.
In this case, T(X;) and T(Y;) satisfy the theoretical relationship and thus
T(Y) = p+ L exp{—vT(X)}
which implies
Yi=p+&(Yi) + 4 exp[— v.Xi — e(Xi)}]

which further implies Yi = Wi + & . exp{—vXi} (2.35)
where pi=p+e(Y) & &=4.exp{v.e(X)} ,
(i=1,2,........... ,N)

Here &; being a exponential function of chance error variables is also a chance error variable.
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This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.34).

Model-13
In Situation—12, it may be so that the variable Y depends theoretically upon the variable X by

the relationship

Y=p+iexp(—vX ™ (2.36)
where g, 2 and v are parameters.
In this case,
T(Y) =+ 2 exp [-v{T(X)} ]
which implies, Yi—e(Y) =+ Aexp [—v.f Xi—e(X)}
which further implies, Yize(Y)+p+iexp[—v{ Xi—e(X)} ] (2.37)

This is the model satisfied by the observations containing errors if the associated variables obey the

theoretical model described by equation (2.36).

3. Error involved in estimate of the parameter p (in Model-1):
If

are n observations containing a parameter i and chance error ¢ then the observations satisfy the
model-1 described by

Xi=p+e , (=1,2,............ ,N) (3.1)
Here,

H=TX) , (=1,2,. .. , n) (3.2)
The existing methods of estimation namely least squares method, maximum likelihood method,
minimum variance unbiased method, method of moment and method of minimum chi-square
{Aldrich (1930) , Anders (1999) , Barnard (1949) , Birnbaum (1962) , Ivory (1825) , Kendall &
Stuart (1977) , Lehmann & Casella George(1998) , Lucien (1990) , Walker & Lev (1965)} provides

_ n
X =n"tY X (3.3)
i=1
as estimator of the parameter .
This estimator suffers from an error
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_ n
g=n"1Y g (3.4)
i=1
which may not be zero Chakrabarty (2014, 2015)}.

This is the amount of error involved in the estimate of the parameter obtained by the existing
statistical method of estimation.

4. Some Example of Error (in case of Model-1)
Example—4.1
Values of annual maximum Temperature at Guwahati observed during the period from 1969 to
2013 have been presented in Table—4.1.
Table-4.1
Observed Value of Annual Maximum of Ambient Air Temperature (in Degree Celsius) at Guwahati
occurred during Temperature Periodic Year (TPY)

TPY | Observed | Calendar Year, Month TPY Observed | Calendar Year, Month
No Value & Date No Value & Date
of occurrence of occurrence
1 37.1 1969, May, 20 23 37.4 1991, July, 20
2 36.6 1970, April,01 24 39.4 1992, April, 16
3 36.0 1971, March, 27 25 36.4 1993, September, 08
4 35.7 1972, July, 14 26 38.1 1994, May, 07
5 39.0 1973, April, 10 27 36.3 1995, May, 14
6 36.1 1974, August, 14 28 39.9 1996, April, 19
7 39.2 1975, April, 10 29 37.4 1998, May 21
8 39.0 1976, April 17 30 37.5 2000, May, 13
9 35.3 1977, August, 14 31 36.7 2001, April,07
10 36.8 1978, May, 19 32 35.5 2002, May, 17
11 38.6 1979, March, 27 33 37.4 2003, July, 26
12 35.1 1980, July, 01 34 38.0 2004, March, 28
13 35.8 1981, June, 21 35 36.6 2005, July, 30
14 36.5 1982, May, 26 36 38.0 2006, August, 11
15 36.7 1983, April, 06 37 37.3 2007, May, 06
16 37.2 1984, April, 06 38 37.3 2008, August, 08
17 36.5 1985, April,26 39 38.0 2009, May, 23
18 38.4 1986, April,03 40 37.2 2010, July, 03
19 37.2 1987, May, 19 41 37.3 2011, August, 30
20 36.4 1988, August, 03 42 37.4 2012, April, 03
21 36.7 1989, July, 23 43 38.8 2013, June, 12
22 36.0 1990, September, 02
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Observation on annual maximum temperature at a location satisfies the situation -1 {Chakrabarty
(2014, 2015)}.
It has been found that the true value of the central tendency of annual maximum temperature at
Guwahati is 37.25 Degree Celsius (Chakrabarty, 2015).
The estimated value of the central tendency computed from these observations by the existing
statistical method of estimation i.e. by applying the formula given by equation (3.3) has been found to
be 37.20465116 Degree Celsius.
Thus, the estimate of the central tendency suffers from an amount

0.04534884 Degree Celsius+
of error.
This can be obtained by equation (3.3) from the amounts of errors involved in the observations as
shown in the following table Table—4.2:

Table-4.2

Error associated to Observed Value of Annual Maximum of Ambient Air Temperature (in Degree Celsius) at
Guwahati occurred during Temperature Periodic Year (TPY)

TPY Observed Amount of Error Involved TPY Observed Amount of Error Involved =
No Value = Observed Value — 37.25 No Value Observed Value — 37.25
1 37.1 —0.15 23 37.4 0.15
2 36.6 —0.65 24 39.4 2.15
3 36.0 —1.25 25 36.4 —0.85
4 35.7 —1.55 26 38.1 0.85
5 39.0 1.75 27 36.3 —0.95
6 36.1 —1.15 28 39.9 2.65
7 39.2 1.95.0 29 374 0.15
8 39.0 1.75 30 375 0.25
9 35.3 —1.95 31 36.7 —0.55
10 36.8 —0.45 32 35.5 —1.75
11 38.6 1.35 33 374 0.15
12 35.1 —2.15 34 38.0 0.75
13 35.8 —1.45 35 36.6 —0.65
14 36.5 —0.45 36 38.0 0.75
15 36.7 —0.55 37 37.3 0.05
16 37.2 —0.05 38 37.3 0.05
17 36.5 —0.75 39 38.0 0.75
18 38.4 1.15 40 37.2 —0.05
19 37.2 —0.05 41 37.3 0.05
20 36.4 —0.85 42 37.4 0.15
21 36.7 —0.55 43 38.8 1.55
22 36.0 —1.25
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Example—4.2
Values of annual minimum Temperature at Guwahati observed during the period from 1969 to 2013
have been presented in Table—4.3.
Table-4.3
Observed Value of Annual Minimum of Ambient Air Temperature (in Degree Celsius) at Guwahati

occurred during Temperature Periodic Year (TPY)

TPY | Observed Calendar Year, TPY Observed | Calendar Year, Month
No Value Month & Date No Value & Date
of occurrence of occurrence
1 6.6 1969, January,16 23 7.4 1991, January, 20
2 6.6 1969, December, 27 24 5.9 1992, January, 05
3 5.9 1971, January, 31 25 8.4 1993, February, 23
& February, 01
4 8.2 1972, January, 21 26 7.8 1993, December, 27
5 5.0 1973, February, 03 27 7.5 1995, January, 22
6 6.3 1974, February, 07 28 9.4 1996, January,19
7 7.4 1975, January, 19 29 NA NA
8 6.6 1976, January, 22 30 NA NA
9 6.2 1977, January, 30 31 NA NA
10 7.3 1978, January, 12 32 8.9 2001, January, 08
11 6.2 1979, January,09 33 8.6 2002, January, 26
12 6.4 1980, February, 08 34 8.0 2003, January, 16
13 7.5 1981, January,10 35 7.9 2004, February, 04
14 8.3 1982, February, 07 36 6.7 2004, December, 27
15 4.9 1983, January, 06 37 9.6 2006, January, 12
16 6.1 1984, January, 30 38 6.4 2007, January, 18
17 7.8 1985, January, 19 39 7.8 2008, February, 03
18 8.6 1986, January, 20 40 9.9 2009, January, 07
19 1.7 1987, January, 05 41 8.6 2010, January, 03
20 9.2 1988, January, 01 42 7.0 2011, January, 21
21 6.7 19809, January, 14 43 6.4 2012, January, 15
22 8.6 1989, December, 31 44 5.6 2013, January, 11

Observation on annual minimum temperature at a location satisfies the situation -1 {Chakrabarty
(2014, 2015)}.

It has been found that the true value of the central tendency of annual maximum temperature at
Guwabhati is 7.44 Degree Celsius (Chakrabarty, 2015).
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The estimated value of the central tendency computed from these observations by the existing
statistical method of estimation i.e. by applying the formula given by equation (3.3) has been found to
be 7.385714286 Degree Celsius.
Thus the estimate of the central tendency suffers from an amount

— 0.054285714 Degree Celsius of error.
This can be obtained by equation (3.3) from the amounts of errors involved in the observations as
shown in the following table Table—4.4:

Table-4.4

Error associated to Observed Value of Annual Minimum of Ambient Air Temperature (in Degree Celsius) at
Guwahati occurred during Temperature Periodic Year (TPY)

TPY Observed Amount of Error Involved TPY Observed Amount of Error Involved
No Value = Observed Value — 37.25 No Value = Observed Value — 37.25
1 6.6 —0.84 23 7.4 —0.04
2 6.6 —0.84 24 5.9 —1.54
3 5.9 —1.54 25 8.4 0.96
4 8.2 0.76 26 7.8 0.36
5 5.0 —2.44 27 7.5 0.06
6 6.3 —1.14 28 9.4 1.96
7 7.4 —0.04 29 8.3 0.86
8 6.6 —0.84 30 8.9 1.46
9 6.2 —1.24 31 8.6 1.16
10 7.3 —0.14 32 8.0 0.56
11 6.2 —1.24 33 7.9 0.46
12 6.4 —1.04 34 6.7 —0.74
13 7.5 0.06 35 9.6 2.16
14 8.3 0.86 36 6.4 —1.04
15 49 —2.54 37 7.8 0.36
16 6.1 —1.34 38 9.9 2.46
17 7.8 0.36 39 8.6 1.16
18 8.6 1.16 40 7.0 —0.44
19 7.7 0.26 41 6.4 —1.04
20 9.2 1.76 42 5.6 —1.84
21 6.7 —0.74 43
22 8.6 1.16 44

5. Conclusion
In this study, error has been determined in the case of Model-1 only. Analysis of error is required
to be attempted for each of the other situations, where associations of errors have been identified,

discussed in this paper.
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The situation discussed here corresponds to theoretically known relationships between two
variables. There is necessity for studying the associations of errors in the situations where more than
two variables are related by known theoretical relationships.

There is also necessity for studying the associations of errors in the situations where two and /or
more variables are related by unknown theoretical relationships.

It is yet to make study on many useful theoretical models. Some important theoretical models have

been outlined below:

Situation—A (Y theoretically depends upon only one variable X)

The variable Y theoretically depends upon the variable X obeying the following theoretical models:

A-1: Y=ag+a X+a; X%+ ............. +apX P

whereap, a;, 82, cooevvenvnnn ap are parameters.

A-2: Y= p+ix?
where L and 2 are parameters.
A-3: Y=f(X: U, K2, ...... , )
where Wy , M2, ......... , Mk are parameters and f(X: py , Mz, ...... , ) 1S
some function of X.
A- 4: Y=Aexp{og(X: M1, K2, cennen... , )}
where g, M2, ..ov...... , Mk are parameters and g(X: 41, Uz, ...... , MK)
is some function of X.
A-5: h(X,Y) =n

where W is a parameters and h(X, Y) is some function of two variables X and Y.

Situation-B (Y theoretically depends upon more than one variable X)
In some situations, one variable may theoretically depend upon more than two variables.

Suppose, the variable Y depends upon the variables X; , X2, ............ , Xk
and
Yi,Y2, i , Yn
X121, X125 cenenenennn. , X1n
Xot, Xo2 s eeevininnnn, , Xon
Copy right @2015 ESES IJEAR

43



International Journal of Electronics and Applied Research (IJEAR) Vol. 2, issue 2 , December 2015
Published Online (http://eses.co.in/ESES Journal) ISSN 2395-0064

are observation on the variables

respectively.

The variables

are connected by the following theoretical models:

B-1:  f(X1, Xo, wuvnnnn , Xn) = 1
where [ is the parameter.

B-2: Y=f(Xi: 1, M2, een.nn.. , Mk)
where Jp, M2, oenennns , Mk are the parameters.

B-3: Y =Aexp{f(Xi, Xz, ........ cXn MLy M2y e , )}
where A, dg, M2, oonnene.. , Mk are the parameters.

B-4:  f(Xy, X2, ... , Xn) = U

B-5: (Y, X1, X2, eeeerinnnnn ,Xk) =
where [ is the parameter.
Thus one problem for further research is to search for the appropriate models, corresponding to these
theoretical models, which are to be satisfied by the corresponding observed data containing error and

to find out formula for error involved in the estimate of parameter in each case.
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